We present a new, model independent method for extracting bounds for the anomalous γW W couplings from hadron collider experiments. At the partonic level we introduce a set of three observables which are constructed from the unpolarized differential cross-section for the process dū → W − γ by appropriate convolution with a set of simple polynomials depending only on the center-of-mass angle. One of these observables allows for the direct determination of the anomalous coupling usually denoted by ∆κ, without any simplifying assumptions, and without relying on the presence of a radiation zero. The other two observables impose two sum rules on the remaining three anomalous couplings. The inclusion of the structure functions is discussed in detail for both pp and pp colliders. We show that, whilst for pp experiments this can be accomplished straightforwardly, in the pp case one has to resort to somewhat more elaborate techniques, such as the binning of events according to their longitudinal momenta.
Introduction
The importance of hadron colliders concerning the measurement of the trilinear gauge selfcouplings has already been exemplified by the direct verification of the existence of such vertices through W γ as well as W Z production at the Tevatron [1] . The bounds on the anomalous couplings so obtained have only recently been surpassed by the LEP2 measurements [2] . The advent of the Large Hadron Collider (LHC) at CERN is expected to improve the situation further, due to its high luminosity and energy reach. A significant advantage of hadron colliders in this context is the fact that the couplings of the photon and the Z boson to the W boson can be probed independently through separate processes. Taking also into account that at the sub-process level the center-of-mass energy varies, one may also study the form-factor structure of the couplings, thus furnishing important information, complementary to that obtained from the lepton colliders.
In this paper we extend to hadron collider experiments a model-independent method proposed for the extraction of bounds on the anomalous couplings at LEP2 [3] . This method is based on constructing appropriate projections of the differential cross section [4] , which lead to a set of novel observables; the latter are related to the anomalous couplings by means of simple algebraic equations. The experimental determinations of these observables can in turn be used in order to impose bounds simultaneously on all anomalous couplings, without having to resort to model-dependent relations among them, or invoke any further simplifying assumptions.
Given the advantages mentioned above, the generalization of this method to the case of hadron colliders is certainly interesting, but is by no means obvious, even at the theoretical level. The crucial difference is that at hadron colliders the center-of-mass energy of the subprocesses is not fixed, and the effects of the structure functions must be included. The detailed study reveals however that, due to a very particular dependence of the differential cross-section on the center-of-mass angle, the method can in fact be applied. As a result, one obtains a set of three algebraic equations relating the four unknown couplings. In particular, one can directly extract the value for the ∆κ anomalous form-factor, without having to assume the absence of other anomalous couplings.
The paper is organized as follows: In section 2 we present explicit results of the partonic differential cross-section for the prototype process dū → W ± γ, using the most general W W γ vertex allowed from Lorentz and U(1) EM invariance. This process has received significant attention in the literature [5] , [6] , [7] , [8] , [9] , mainly due to the presence of the radiation zero in its differential cross-section [10] , [11] . In section 3 we define a set of observables, which depend explicitly on the various anomalous couplings, and can be experimentally extracted through the convolution of the differential cross-section with appropriately constructed polynomials of cos θ, the center-of-mass scattering angle. In section 4 we present an elementary discussion of the statistical properties of these observables. In section 5 we turn our attention to the realistic cases of pp and pp collisions, and address the complications that arise due to the inclusion of the structure functions. Finally, in section 6 we present our conclusions.
2 The process dū → W − γ in the presence of anomalous couplings Fig. 1 . All momenta are incoming i.e. p d + p u + p 2 + q = 0, and the square of center-of-mass energy, s, is given by s = p
We work in the narrow width approximation where the W is assumed to be strictly on shell, p 2 2 = M 2 W ; the inclusion of W off-shellness effects is known to give very small contributions [7] .
The S-matrix element for the process we study is given by
where ǫ µ γ (q) and ǫ β W − (p 2 ) are the polarization vectors of the photon and the W , respectively, and the amplitude T µβ is the sum of three pieces,
where T s , T t and T u denote the s, t and u channels contributions, respectively. They are given by the following expressions:
where
, and we have neglected any quark mixing effects. Γ µαβ denotes the W W γ vertex; it is written as the sum of the usual Standard Model piece Γ µαβ 0
, and an anomalous piece Γ µαβ an , i.e.
The canonical piece Γ µαβ 0 is given by 5) where the relations p 
The anomalous couplings ∆κ, λ,κ, andλ parametrize the deviations from the Standard Model vertex; they are form-factors which must be evaluated at the kinematical point relevant for the reaction under consideration, i.e.
where z stands for any of the four aforementioned couplings. The anomalous vertex given above is the most general γW W vertex compatible with Lorentz and U(1) gauge invariance; it has been derived from the interaction Lagrangian
where W µ is the W − field, A µ is the photon field, the field strength tensors are all Abelian, and given by
ǫ µνρσ F ρσ , and ∆κ ≡ κ − 1 . The reason why the form-factors g 1 , g 4 , and g 5 do not appear in Γ µαβ an is that by gauge-invariance g 1 is forced to be fixed at the value g 1 (p
2 ) = 1, whereas g 4 and g 5 to be proportional (in momentum space) to q 2 , and thus to vanish in our case of an on-shell photon. [7] , [8] , [9] , [12] , [13] . It is straightforward to verify that the full vertex Γ µαβ satisfies the elementary Ward identity
a fact which guarantees the electromagnetic gauge-invariance of the entire amplitude, i.e. q µ T µβ = 0. The squared unpolarized amplitude for the process is given by 10) where the sum on sū, s d runs over all possible helicities of the incoming quarks, Q ββ ′ is the polarization sum of the W , given by
and P µµ ′ (q) the polarization sum of the photon, given by 12) where η µ is an arbitrary four-vector, analogous to a gauge-fixing parameter. By virtue of the Ward identity of Eq. (2.9) satisfied by Γ µαβ all dependence on η µ disappears from the righ-hand side (RHS) of Eq. (2.10).
The unpolarized color averaged differential cross-section in the center-of-mass frame is given by dσ dx
where x ≡ cos θ, and θ is the scattering angle of the photon relative to the incoming anti-quark in the center-of-mass frame of the two partons, or equivalently, the produced W and γ. The differential cross-section is the sum of two pieces,
The standard contribution (dσ 0 /dx) corresponds to the case where all anomalous couplings are set equal to zero, and has been studied extensively in the literature [5] , [6] , [7] , [8] , [9] . In particular it exhibits a radiation zero at x = −1/3:
The anomalous contribution (dσ an /dx) is given by
and
The expression given in Eq.(2.16) applies also to the process ud → W + γ, with the only difference that, in that case, the scattering angle is defined between the incoming quark and the photon. Our result agrees with previous calculations which considered only ∆κ [5] , or both the ∆κ and λ couplings [6] .
It is well known that, due to the presence of the terms ρ −1 and ρ −2 , the cross-section of Eq.(2.16) would grossly violate unitarity at high energies, s → ∞, ρ → 0, if the anomalous couplings were considered to be constants, independent of s. Therefore, in analogy to nuclear form-factors, one traditionally assumes an s-dependence of the form [8] 
From the explicit expression of the cross-section we see that the choices n = 1/2 for ∆κ,κ, and n = 1 for λ,λ would suffice in order for the square brackets in Eq.(2.16) to approach a constant as ρ → 0; then the cross section would decrease like 1/s due to the flux factor in C(s). The scale Λ is assumed to be of the same order of magnitude as the scale characterising the new physics responsible for the anomalous couplings. We note that the coupling λ contributes only quadratically in the cross section. We have no simple explanation of this fact, which seems to be characteristic to the specific process. Of course the C, P violating couplingsκ,λ can only contribute quadratically. Thus, if the anomalous couplings are small enough (≤ 10 −3 ) so that for certain center of mass energies all quadratic terms could be neglected as unobservable, then any deviation would be a direct measurement of ∆κ. This is however not the case for typical Tevatron and LHC energies; therefore, quadratic terms must be kept in general, and are typically of the same order, or even larger than the linear one.
It is interesting to notice that the term linear in ∆κ does not distort the appearance of the radiation zero at x = −1/3, for arbitrary values of ∆κ. The radiation zero is washed out only due to the quadratic anomalous terms, which reduce it to a dip. Since the quadratic coefficients of λ are much larger than those of ∆κ, due to the pre-factor (1/4ρ
2 ) in front of σ 3 in Eq.(2.16), the cross section is extremely sensitive to non standard λ values in the neighbourhood of the radiation zero.
We also notice that the quadratic terms are completely symmetric under (∆κ, λ) ↔ (κ,λ). Furthermore the coefficient in front of ∆κ is independent of the energy. Thus in experimental analyses where the fitting is carried out by allowing one of the anomalous couplings to differ from zero at a time, the λ andλ distributions as well as other related bounds would be identical. The same would be true for ∆κ andκ, if the term linear in ∆κ were negligible; this could be the case at high energies, if ∆κ is not very small (∆κ > 10 −2 ).
Projecting out the anomalous couplings
In this section we show how one can extract experimental values for the quantities σ 1 , σ 2 , and σ 3 , defined in Eq. (2.19 ). This will furnish a system of three independent algebraic equations involving the four unknown gauge couplings. To accomplish this, one first notices that the polynomials P i (x) constitute a linearlyindependent set; their Wronskian W (P i ) is simply W (P i ) = 2. One may then construct a set of three other polynomials, P i (x), which are orthonormal to the P i (x), i.e. they satisfy
These polynomials are 2 :
It is important to observe that the polynomials P i (x) andP i (x) are independent of the (sub)-process energy s. This is to be contrasted to the equivalent set of polynomials obtained in the context of the process e + e − → W + W − [3] , which depend explicitly on the (fixed) s. As we will explain in section 5 the s-independence of the polynomialsP i (x) is crucial for the applicability of the proposed method to the realistic case of pp and pp scattering, where the structure functions must be included.
By means of the polynomialsP i (x) one may then invert Eq.(2.19), and project out the individual σ i as follows: can then be used as sum rules, in order to impose experimental constraints on the three remaining couplings λ,κ, andλ.
In the case when experimental cuts restrict the angular region from [a, b] instead of [-1,1] appropriate orthonormal polynomials P i (x) can still be easily constructed, by requiring
Their closed form reads
As a check one may verify that the choice a = −1 and b = 1 in Eq.(3.7) reproduces the set given in Eq.(3.2).
Statistical properties of the σ i observables
In this section we will present an elementary study of the basic statistical properties of the σ i observables introduced in the previous section. In particular we will compute their correlations, using simple assumptions about the distribution of the anomalous couplings. For convenience, in this section we introduce the following uniform notation:
To study the correlations of the σ i observables we will that assume each of the couplings z i obeys independently a normal (Gaussian) probability distribution, with mean µ i and variance
Then, the expectation value σ i of the observable σ i is given by
the corresponding covariance matrix by 4) and the correlations r ij by
We will next assume that the Gaussian distribution is peaked around the Standard Model values of the couplings, i.e. µ i = 0, and will use the elementary results
. After a straightforward calculation we obtain the following expressions for the various V ij : Evidently, the only non-zero correlation is r 23 . By varying the value of the corresponding variances δ i one can study the limits where some of the couplings are excluded on the grounds of certain discrete symmetries. For example, by choosing δ 3 and δ 4 very small compared to δ 1 and δ 2 we approach the limit where the C and P symmetries are individually respected by the anomalous couplings. The other interesting parameter to vary is of course the center-of-mass energy s. In the following table we display some characteristic cases: √ s (GeV) 100 200 300 500 1000 We see that, with the exception of relatively low energies, the values of r 23 are rather reasonable, and they tend to decrease as the sub-process energy s increases.
Inclusion of the structure functions
The analysis presented so far is valid at the partonic level, and the quarks appearing in the initial state were assumed to be in their center-of-mass frame. In reality the initial states are protons and anti-protons, a fact which introduces two additional complications. First, the final state can be reached by different combinations of partons, which are not in their center-of-mass any more, but carry momentum fractions x a and x b of the corresponding parent hadrons. This is taken into account by introducing structure functions. Second, the partonic center-of-mass frame has to be reconstructed from the data on an event by event basis. However, not all kinematical information on the final state particles is available, since the final W boson decays to a lepton and an (unobserved) neutrino. Although the transverse momentum of the neutrino is identified with the missing transverse momentum of the event, its longitudinal momentum can only be determined with a twofold ambiguity by constraining the lepton-neutrino pair invariant mass to equal the W mass [8] , [9] . Using the fact that, at least at the Tevatron, the W boson is highly polarized, one can arrive at the correct choice with a success-rate of 73% [14] .
For a pp collider the total cross-section for the process pp → W − γX, reads [5] 
where S is the square of the pp center-of-mass energy, S = (p p + pp) 2 , x a and x b are the fractional longitudinal momenta of the quarks inside the proton, 0 ≤ x a,b ≤ 1, and s = x a x b S is the squared center-of-mass energy of the sub-process. In the above equation u denotes a generic up-type quark (u, c, t), while d a generic down-type quark (d, s, b) . The double sum runs over all possible combinations of up and down quarks (ūd,ūs,cd, ...) which give rise to the desired final state W − γ, and for which the corresponding structure functions are not negligible. dσ dū denotes the situation where the d quark originates from the proton and theū from the anti-proton beam; in that case valence-quark structure functions are involved for both quarks. dσū d denotes the reverse situation; now both structure functions involve sea-quarks and are equal. We define the W γ center-of-mass angle x = cos θ c.m. , to be the angle between the photon and the anti-proton beam. Thus, the angle involved in dσ dū is θ 1 = θ c.m. , while in dσū d it is θ 2 = π − θ c.m. , or cos θ 1 = x and cos θ 2 = −x. Clearly, we have that dσū d (s, x) = dσ dū (s, −x).
Notice that if the structure function weight f (x a , s)f (x b , s) multiplying each term were the same, then all terms linear in x would cancel in Eq. (5.1); in such a case the polynomial
2 , a fact which would render the set of polynomialsP 1 (x), P 2 (x), P 3 (x) linearly dependent, thus reducing the usefulness of the proposed method. This is however not the case, since the first term on the RHS of Eq. (5.1) originates from the valence quarks inside the proton and anti-proton, whereas the second term comes from the sea-quarks. The sea-quark contribution is significantly smaller than that of the valence-quarks, a fact which is appropriately encoded in the form of the corresponding structure functions, convoluted with the above elementary processes. One could therefore, to a good approximation, omit this term. If, nonetheless, such a term were to be kept, the necessary procedure would be as follows: Since dσū d (s, x) = dσ dū (s, −x), it follows from Eq. (2.16) and Eq. (2.18) that dσū d (s, x) is a linear combination of P 2 (x), P 3 (x), and P 1 (x) = P 1 (−x) = 3x
2 − x. The next step is to write P 1 (x) as a linear combination of P 1 (x), P 2 (x), and P 3 (x), i.e.
after which the quantities σ 1 , σ 2 , and σ 3 will be simply modified by small corrections.
Omitting for simplicity such corrections from sea-quarks, and keeping only the (ūd) term in the sum on the RHS, Eq. (5.1) becomes
and its deviation from the canonical value due to the anomalous gauge boson couplings is given by
At this point we can repeat the same procedure for projecting out the anomalous couplings which has been presented in section 3. This is possible because the polynomials P i (x) and the corresponding projective polynomialsP i (x) do not depend on the sub-process energy s. Writing Eq.(5.4) in the form 6) we see that the quantities Σ i may be extracted from the differential cross-section by means of the projective polynomialsP i (x). Their experimental value Σ exp i (S) are obtained from
In order to place bounds on the unknown couplings from the values of Σ exp i (S) one will have to take into account the fact that the couplings depend on the sub-process energy s, i.e. they are functions of the integration variables x a and x b . For example, assuming an energy dependence such as the one given in Eq.(2.20), we have for ∆κ (with n = 1/2)
Thus, measuring Σ 1 will determine ∆κ 0 as a function of the arbitrary scale Λ.
In the case of a pp collider such as the LHC, the process pp → W − γX proceeds only through sea-quark interactions. The corresponding differential cross-section reads
Both terms in the above sum contain the product of a valence-quark and a sea-quark distribution. This makes the rates of pp cross sections lower than the relative pp ones, a fact which is compensated by the higher luminosities of the pp machines. Therefore, one important difference between Eq. (5.1) and Eq. (5.9) is that, after setting again cos θ 1 = x and cos θ 2 = −x, the terms linear in x cancel in the latter. Indeed, since the cross-section is symmetric in x a ↔ x b both terms contribute with equal weight under the integral and the cross-section assumes the form
As mentioned before, the absence of the linear x term would render the set of polynomials P i linearly-dependent. To avoid this we propose to follow the method of binning the events according to their longitudinal momentum, which was introduced in [5] . The basic point is to break the symmetricity of the 
or, equivalently, i (S) will be given by
In practice one ought to verify that the bounds for the anomalous couplings obtained by applying the above procedure do not depend heavily on how the binning is carried out, by choosing, for example, different values for δ, or different functional forms for the asymmetric constraint imposed.
Conclusions
In this paper we have presented a model-independent method for extracting bounds on the anomalous γW W couplings from pp and pp experiments, using the process dū → W − γ as a prototype. At the partonic level this method gives rise to three observables, which depend explicitly on the various anomalous couplings through simple algebraic relations. These observables may be extracted from the experimentally measured unpolarized differential cross-section for this process by means of a convolution with appropriately constructed polynomials. These polynomials are quadratic functions of the center-of-mass angle only; most notably, they do not depend on the center-of-mass energy of the (sub)-process. One of these observables is linearly related to ∆κ only; therefore, its measurement can furnish the experimental value of this quantity, without further assumptions on the values of the remaining couplings. The other two observable constitute a system of two equations for the remaining three anomalous couplings; thus they can be used as sum rules, in conjunction with other possible observables, physically motivated constraints, or model-inspired relations.
The generalization of the method to the realistic case of hadron colliders, where the initial particles are not partons but protons or anti-protons, presents experimental and theoretical complications, which, however, can be overcome. From the experimental point of view, it is clear that in the case of hadron colliders the center-of-mass frame for the W γ must be reconstructed; the ability to achieve this is of course crucial for the applicability of proposed method, given that the latter relies heavily on the use of the center-of-mass scattering angle. One way to accomplish this seems to be the following: The produced W is in general closely on shell, and highly polarized; using the first fact, one can impose the constraint M 2 W = (p l +p ν ) 2 to determine the longitudinal momentum of the neutrino with a twofold ambiguity [9] , [7] (the transverse one is the missing transverse momentum of the event), whereas the second fact guarantees that one can select the correct solution 73% of the time [14] . Thus, the W momentum can be reconstructed, and from it the center-of-mass angle of the event may be deduced.
At the theoretical level the method carries over straightforwardly from the partonic level to the case of pp colliders, since the inclusion of the structure functions does not interfere with any of the underlying assumptions. After the inclusion of the structure functions one needs to assume a certain functional dependence of the unknown form-factors on the subprocess energies, over which one integrates; this is of course a general limitation in this type of analysis, and is not particular to this method. On the other hand, in the case of pp colliders the structure functions conspire to eliminate the linear terms in x, a fact which invalidates one of the main assumptions, namely that the polynomials P i (x) are linearly independent. This may be circumvented if one considers the "binned" instead of the usual differential cross-section, which may be obtained by introducing an asymmetric constraint among the longitudinal momenta appearing in the arguments of the structure functions [5] .
It would be interesting to study whether the analysis presented here carries over to the process dū → W − Z, which would probe directly and separately the possible anomalous couplings appearing in the ZW W vertex. Finally, we note that these results can be easily translated to the e − γ → W − ν e process, which would be of interest for Linear Colliders, if the eγ option is realised. 
